The scheme of mixing of three neutrinos with a mass hierarchy is considered for the explanation of the solar and atmospheric neutrino problems through neutrino oscillations. It is shown that the recent results of the CHOOZ experiment imply that the element U e3 of the neutrino mixing matrix is small, that the oscillations of solar neutrinos are described by the two-generation formalism and that the oscillations of solar and atmospheric neutrinos decouple. Furthermore, if |U e3 | ≪ 1 the oscillations of atmospheric neutrinos do not depend on matter effects and are described by the two-generation formalism. In this case, with an appropriate identification of the mixing parameters, the two-generation analyses of solar and atmospheric neutrino data provide direct information on the mixing parameters of three neutrinos. It is also shown that the smallness of |U e3 | will be checked by the long-baseline neutrino oscillation experiments under preparation. PACS numbers: 14.60. Pq, 26.65.+t, 95.85.Ry 
I. INTRODUCTION
The solar [1] and atmospheric [2] neutrino problems have received in the last months impressive confirmations from the preliminary results of the SuperKamiokande experiment [3, 4] . The traditional analyses of solar [5] [6] [7] [8] 3] and atmospheric [9] [10] [11] 4] neutrino data in terms of neutrino oscillations (see [12] [13] [14] ) have been performed under the assumption of twoneutrino mixing. In particular, this assumption has been adopted in the most recent analyses of the solar [15, 16] and atmospheric [17] neutrino data, which include preliminary data from SuperKamiokande [3, 4] . However, we know that there are three light flavor neutrinos, ν e , ν µ , ν τ , that can participate to the oscillations of solar and atmospheric neutrinos and it is reasonable to ask which are the implications of the two-generation analyses of solar and atmospheric data for the mixing of three neutrinos.
Here we consider a scheme of mixing of three neutrinos with the mass hierarchy
which is motivated by the see-saw mechanism [18] and by the analogy with the mass schemes of charged leptons and up and down quarks. The masses m k (k = 1, 2, 3) are associated to the massive neutrino fields ν k , whose left-handed components ν kL are connected with the left-handed components ν αL (α = e, µ, τ ) of the flavor neutrino fields by the transformation
where U is a 3 × 3 unitary mixing matrix. In this scheme there are two independent mass-squared differences, ∆m , that generate neutrino oscillations for two different scales of the ratio E/L, where E is the neutrino energy and L is the distance of propagation. The solar and atmospheric neutrino anomalies can be explained in terms of neutrino oscillations only if ∆m 2 21 and ∆m 2 31 are relevant, respectively, for the oscillations of solar and atmospheric neutrinos [19] [20] [21] [22] [23] [24] .
In Sections II and III we will show that in the scheme under consideration the recent results of the CHOOZ experiment [25] imply that the element U e3 of the neutrino mixing matrix is small, that the oscillations of solar neutrinos are described by the two-generation formalism and that the oscillations of solar and atmospheric neutrinos decouple, i.e. they depend on different and independent elements of the neutrino mixing matrix. In Section III it is also shown that if |U e3 | ≪ 1 the oscillations of atmospheric neutrinos do not depend on matter effects and are described by the two-generation formalism. In this case, with an appropriate identification of the mixing parameters, the formalism used in the twogeneration analyses of solar and atmospheric neutrino data is appropriate also in the case of three-neutrino mixing and the results of these analyses provide direct information on the mixing parameters of three neutrinos. In Section IV we will discuss the implications of the present solar and atmospheric neutrino data for the values of the elements of the neutrino mixing matrix. As shown in Section III, the hypothesis |U e3 | ≪ 1 will be checked by the reactor and accelerator long-baseline neutrino oscillation experiments under preparation.
In this paper we do not consider the indication in favor of neutrino oscillations obtained by the LSND experiment [26] , which needs the enlargement of the neutrino mixing scheme with the introduction of a sterile neutrino (see [27, 28] ). A possible decoupling of solar and atmospheric neutrino oscillations in this enlarged scheme will be discussed elsewhere.
II. CHOOZ AND SOLAR NEUTRINOS
The survival probability of electron antineutrinos measured in the first reactor longbaseline neutrino oscillation experiment CHOOZ is compatible with one [25] . The CHOOZ collaboration has published an exclusion curve in the plane of the two-generation mixing parameters sin 2 2ϑ CHOOZ -∆m 2 CHOOZ , which shows that
In the three-neutrino scheme under consideration (see [23, 24] )
Assuming that ∆m 2 31 > 10 −3 eV 2 , as indicated by the solution of the atmospheric neutrino anomaly observed in the Kamiokande experiment [9] , the upper bound (4) on sin 2 2ϑ CHOOZ implies that
A large value of |U e3 | 2 does not allow to explain the solar neutrino problem with neutrino oscillations (see [29] ). Indeed, in the scheme under consideration the averaged survival probability of solar electron neutrinos is given by [19] 
where E is the neutrino energy and P (1, 2) νe→νe (E) is the two-generation survival probability of solar ν e 's which depends on ∆m 2 sun = ∆m 2 21 and sin
The expression (6) implies that P sun νe→νe (E) ≥ |U e3 | 4 and for |U e3 | 2 ≥ 0.95 we have P sun νe→νe (E) ≥ 0.90. Such a high value of P sun νe→νe (E) cannot explain the suppression of the solar ν e flux measured by all experiments (Homestake [5] , Kamiokande [6] , GALLEX [7] , SAGE [8] and SuperKamiokande [3] ) with respect to that predicted by the Standard Solar Model [30] [31] [32] .
Therefore, we are led to the conclusion that the results of the CHOOZ experiment imply that |U e3 | 2 is small:
Furthermore, from Eqs. (6) and (7) one can see that for such small values of |U e3 | 2 we have
νe→νe (E) and sin ϑ sun ≃ |U e2 | .
Hence the two-generation analyses of the solar neutrino data are appropriate in the threeneutrino scheme under consideration and they give information on the values of
and |U e2 | ≃ sin ϑ sun .
According to the most recent analysis of the solar neutrino data [16] , which include preliminary data from SuperKamiokande [3] , the ranges of the mixing parameters allowed at 90% CL for the small and large mixing angle MSW [33] solutions and for the vacuum oscillation solution are, respectively, 
Therefore, taking into account that |U e3 | 2 is small and assuming that |U e2 | ≤ |U e1 | (this choice is necessary only for the MSW solutions), we have
Notice that these ranges are statistically rather stable. For example, the range of sin 2 2ϑ sun allowed at 99% CL in the case of the large mixing angle MSW solution is 0.36 sin 2 2ϑ sun 0.85 [16] , which imply |U e1 | ≃ 0.83 − 0.95, |U e2 | ≃ 0.32 − 0.55 (confront with Eq. (15)).
III. ATMOSPHERIC NEUTRINOS
The evolution equation for the flavor amplitudes ψ α (α = e, µ, τ ) of atmospheric neutrinos propagating in the interior of the earth can be written as (see [34, 24] 
with
and A CC ≡ 2EV CC , where V CC = √ 2G F N e is the charged-current effective potential which depends on the electron number density N e of the medium (G F is the Fermi constant and for anti-neutrinos A CC must be replaced byĀ CC = −A CC ). If the squared-mass difference ∆m 2 21 is relevant for the explanation of the solar neutrino problem, we have m
where R ⊕ = 6371 Km is the radius of the Earth, which represents a characteristic distance of propagation for atmospheric neutrinos. Notice, however, that caution is needed for lowenergy atmospheric neutrinos if m 
10
−5 eV 2 we have m 2 2 R ⊕ /2E ≪ 1 only for E ≫ 150 MeV. In this case, in order to get information on the three-neutrino mixing matrix with a two-generation analysis it is necessary to analyze the atmospheric neutrino data with a cut in energy such that m 2 2 R ⊕ /2E ≪ 1. In order to be on the safe side, when we will consider the case of the MSW solutions of the solar neutrino problem we will take into account the information obtained from the two-generation fit of the preliminary SuperKamiokande multi-GeV data alone (Figure 11 of [17] ).
The inequalities (19) imply that the phases generated by m 2 1 and m 2 2 can be neglected for atmospheric neutrinos and the squared-mass matrix M 2 can be approximated with
In this case (we consider a real mixing matrix because possible CP-violating phases do not contribute; see [34, 24] )
Comparing this expression with Eqs. (9) and (10), one can see that the oscillations of solar and atmospheric neutrinos depend on different and independent ∆m 2 's and on different and independent elements of the mixing matrix, i.e. they are decoupled. Strictly speaking |U e2 | in Eqs. (9) and (10) is not independent from U e3 because of the unitarity constraint |U e1 | 2 + |U e2 | 2 + |U e3 | 2 = 1, but the the limit (8) on |U e3 | 2 implies that its contribution to the unitarity constraint is negligible.
Hence, we have shown that the smallness of |U e3 | 2 inferred from the results of the CHOOZ experiment imply that the oscillations of solar and atmospheric neutrinos are decoupled.
From Eqs. (17) and (21) one can see that unless |U e3 | ≪ 1, the evolution equations of the electron neutrino amplitude ψ e and those of the muon and tau neutrino amplitudes ψ µ and ψ τ are coupled. In this case matter effects can contribute to the dominant ν µ → ν τ oscillations (see [35] ) and the atmospheric neutrino data must be analyzed with the three generation evolution equation (17) .
The upper bound for |U e3 | implied by Eq. (8) is not very strong: |U e3 | < 0.22. However, future results from reactor long-baseline neutrino oscillation experiments (CHOOZ [25] , Palo Verde [36] , Kam-Land [37] ) could allow to strengthen the upper bound (8) . It is important to notice that also future results from accelerator long-baseline neutrino oscillation experiments that are sensitive to ν µ → ν e transitions (K2K [38] , MINOS [39] , ICARUS [40] and others [41] ) could allow to improve the upper bound (8) . Indeed, in the scheme under consideration the parameter sin 2 2ϑ LBL measured in these experiments is given by (see [23, 24] )
If accelerator long-baseline neutrino oscillation experiments will not observe ν µ → ν e transitions and will place an upper bound sin 2 2ϑ LBL ≤ sin 2 2ϑ
(max) LBL , it will be possible to obtain the limit
where |U µ3 | (max) LBL ≃ 10 −3 will be reached [40] , it will be possible to put the upper bound |U e3 | 3 × 10 −2 . In the following we will consider the possibility that |U e3 | ≪ 1. In this case, for the evolution operator in Eq. (17) we have the approximate expression
which shows that the evolution of ν e is decoupled from the evolution of ν µ and ν τ . Thus, the survival probability of atmospheric ν e 's is equal to one and ν µ → ν τ transitions are independent from matter effects and obey a two-generation formalism. In this case, the twogeneration analyses of the atmospheric neutrino data in terms of ν µ → ν τ are appropriate in the three-neutrino scheme under consideration and yield information on the values of the parameters and |U µ3 | = sin ϑ atm .
According to a recent analysis [17] of the atmospheric neutrino data, the ranges of ∆m 2 atm and sin 2 2ϑ atm for ν µ → ν τ oscillations allowed at 90% CL by the SuperKamiokande multiGeV data and by all data are, respectively,
Thus, assuming that |U µ3 | ≤ |U τ 3 | and taking into account the comments after Eq.(19), we have
As in the case of the ranges (14)- (16), also the ranges (28)- (29) are statistically rather stable. For example, the range of sin 2 2ϑ sun allowed at 99% CL by all the atmospheric neutrino data is 0.66 sin 2 2ϑ sun ≤ 1 [17] , which imply |U µ3 | ≃ 0.46 − 0.71, |U τ | ≃ 0.71 − 0.89 (confront with Eq. (29)).
IV. THE MIXING MATRIX
Taking into account the unitarity of the mixing matrix, the information in Eqs. (14)- (16) and (28)- (29), together with the assumption |U e3 | ≪ 1, allow to infer the allowed ranges for the values of |U µ1 |, |U µ2 |, |U τ 1 | and |U τ 2 |. The simplest way to do it is to start from the Maiani parameterization of a 3 × 3 mixing matrix [42] : 
Using the information on |s 12 | ≃ |U e2 | and |s 23 | ≃ |U µ3 | given by Eqs. (14)- (16) and (28)- (29), for the moduli of the elements of the mixing matrix we obtain: 
Let us remark that in the case of the small mixing angle MSW solution of the solar neutrino problem |U e3 | ≪ 1 could be of the same order of magnitude as |U e2 |.
It is interesting to notice that, because of the large mixing of ν µ and ν τ with ν 2 , the transitions of solar ν e 's in ν µ 's and ν τ 's are of comparable magnitude. However, this phenomenon and the values of the entries in the (ν µ , ν τ )-(ν 1 , ν 2 ) sector of the mixing matrix cannot be checked with solar neutrino experiments because the low-energy ν µ 's and ν τ 's coming from the sun can be detected only with neutral-current interactions, which are flavor-blind. Moreover, it will be very difficult to check the values of |U µ1 |, |U µ2 |, |U τ 1 | and |U τ 2 | in laboratory experiments because of the smallness of m 2 .
In the derivation of Eqs. (32)- (34) we have assumed that |U e2 | ≤ |U e1 | and |U µ3 | ≤ |U τ 3 |. The other possibilities, |U e2 | ≥ |U e1 | and |U µ3 | ≥ |U τ 3 |, are equivalent, respectively, to an exchange of the first and second columns and to an exchange of the second and third rows in the matrices (32)- (34) . Unfortunately, these alternatives are hard to distinguish experimentally because of the above mentioned difficulty to measure directly the values of |U µ1 |, |U µ2 |, |U τ 1 | and |U τ 2 |. Only the choice |U e2 | ≤ |U e1 |, which is necessary for the MSW solutions of the solar neutrino problem, could be confirmed by the results of the new generation of solar neutrino experiments (SuperKamiokande, SNO, ICARUS, Borexino, GNO and others [43] ) if they will allow to exclude the vacuum oscillation solution.
V. CONCLUSIONS
We have considered the scheme of mixing of three neutrinos with the mass hierarchy (1) and with ∆m We have shown that in the framework of this scheme the recent results of the CHOOZ experiment [25] imply that |U e3 | 2 is small, the oscillations of solar neutrinos are described by the two-generation formalism and the oscillations of solar and atmospheric neutrinos depend on different and independent elements of the neutrino mixing matrix, i.e. they decouple. We have also shown that if |U e3 | ≪ 1 the oscillations of atmospheric neutrinos do not depend on matter effects and are described by the two-generation formalism. In this case, with the identifications (10) and (25) the two-generation analyses of solar and atmospheric neutrino data provide direct information on the mixing parameters of three neutrinos (see Eqs. (32)- (34)).
If future results from reactor (CHOOZ [25] , Palo Verde [36] , Kam-Land [37] ) and accelerator (K2K [38] , MINOS [39] , ICARUS [40] and others [41] ) long-baseline neutrino oscillation experiments will confirm and improve the upper bound (8) for |U e3 | 2 obtained from the first results of the CHOOZ experiment [25] , the indications in favor of a decoupling of solar and atmospheric neutrino oscillations and of their accurate description by the two-generation formalism will be strengthened. In this case the distinction of the three allowed solutions of the solar neutrino problem (small and large mixing angle MSW and vacuum oscillations), which is a major goal of the new generation of solar neutrino experiments (SuperKamiokande, SNO, ICARUS, Borexino, GNO and others [43] ) could provide an indication of the actual values of the elements of the neutrino mixing matrix selecting one of the three possibilities (32)- (34) .
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